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Abstract: The flexural performance of RC beams can be improved using the near-surface mounted
(NSM) FRP strengthening technique. A likely failure mode of such FRP-strengthened RC beams is
bar-end cover separation which involves the detachment of the NSM FRP reinforcement together
with the concrete cover along the level of the steel tension reinforcement. This paper presents a new
analytical strength model for this failure mode. The proposed strength model and two existing
strength models for this failure mode are compared with test results to demonstrate the superior
performance of the new analytical model.
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1 INTRODUCTION
In recent years, the near-surface mounted (NSM)
FRP strengthening method has attracted
significant attention worldwide as one of the
promising new techniques for structural
strengthening and as an effective alternative to
the externally bonded (EB) FRP strengthening
method. The NSM technique involves the
cutting of grooves in the cover concrete and the
embedding of FRP bars in the grooves using an
adhesive (normally an epoxy adhesive). In RC
beams flexurally-strengthened using NSM FRP,
several debonding failure modes have been
observed in laboratory tests (De Lorenzis and
Teng 2007; Zhang 2012). Among these failure
modes, a likely failure mode involves the
detachment of the NSM FRP reinforcement
together with the concrete cover along the level
of steel tension reinforcement and is herein
referred to as the bar-end cover separation
failure mode. The failure process is initiated by

bar-end cover

the formation of a crack near the bar-end,
followed by the propagation of a major crack at
the level of the steel tension reinforcement
towards the middle of the strengthened region
(Figure 1). This failure mode has been observed
in laboratory tests conducted by many
researchers (e.g. Barros and Fortes 2005; Teng et
al. 2006; Barros et al. 2007; Thorenfeldt 2007)
and is similar to the cover separation failure
mode observed in RC beams strengthened with
EB FRP. This paper presents a new analytical
strength model for cover separation failure in
RC beams with NSM FRP based on insight and
numerical results from finite element (FE)
modelling. For ease of discussion, only simplysupported beams are explicitly considered in the
paper although the strength model is applicable
to continuous beams by treating a segment
between two inflection points as a simplysupported beam.
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Figure 1 Bar-end cover separation

2 FE MODELLING
Zhang and Teng (2012) recently developed a
novel 2-D nonlinear FE model (herein referred
to as the full FE model) capable of accurate
predictions of cover separation in RC beams
flexurally strengthened with NSM and EB FRP
reinforcement. In their study, factors important
to the accurate prediction of cover separation
failure were examined. One of these factors is
the radial stresses exerted by the steel tension
bars onto the surrounding concrete, which was
identified and introduced into a theoretical for
cover separation failure in RC beams
strengthened with either EB FRP or NSM FRP
for the first time by them.
Although the full FE model of Zhang and Teng
(2012) can provide accurate predictions of cover
separation of RC beams strengthened with FRP
in flexure, it is a rather involved model. Zhang
and Teng (2012) showed that a simplified 2-D
nonlinear FE model (i.e. the simplified FE
model), in which only the segment of the RC
beam between two adjacent cracks nearest to the
FRP end is included, can predict bar-end cover
separation failure with good accuracy. This
paper presents an analytical strength model for
the bar-end cover separation failure mode in RC
beams strengthened with NSM FRP for use in
practical design based on numerical results of a
parametric study conducted using this efficient,
simplified 2-D FE model.

3 SIMPLIFIED FE MODEL
In a bar-end cover separation failure, an inclined
crack usually occurs near the end of the NSM
FRP bar, and another crack usually appears in
the bonded region of FRP at a certain distance

(i.e. the crack spacing) away from the bar end, as
illustrated in Figure 2. Obviously, if the strain in
the FRP near the latter crack at bar-end cover
separation is known, the moment acting on the
corresponding section can be easily found
through section analysis if the plane section
assumption is still adopted; the ultimate load can
then be easily calculated. Therefore, the part of
the RC beam between the two cracks near the
FRP bar end can be isolated to form a simple
model for FE analysis, with the moments on the
two cracked sections being realized through
external loads as shown in Figure 2. A rigid
plate is attached to each cracked section to
impose the plane section assumption. The plane
section assumption may not be exactly valid
here, but it can simplify the modelling process
and may not introduce substantial errors. The
concrete is modelled using 4-node plane stress
elements, and some concrete near the bottom
part of the rigid plate on each side is removed to
represent the two adjacent cracks. As the loading
increases, the initial cracks may propagate
vertically or along an inclined direction,
depending on the moment ratio between the two
cracked sections. The steel reinforcement is
simulated using 2-node beam elements, and both
end of the steel reinforcement are connected to
the rigid plates. The thickness of the concrete at
the steel reinforcement level is adjusted to
remove the area occupied by the steel
reinforcement. The cohesive-element-pair (CEP)
presented in Zhang and Teng (2012) and initially
proposed for the full FE model is also used in
the simplified 2-D FE model. As shown in
Figure 3, the CEP consists of two 4-node
cohesive elements each of which connects two
nodes of the plane stress element representing
the adjacent concrete to the two nodes of the
beam
element
representing
the
steel
reinforcement located at the mid-height of the
concrete element. The upper cohesive element is
employed to simulate the shear bond behaviour
between the steel tension reinforcement and the
surrounding concrete, while the lower cohesive
element simulates the interaction between the
steel tension reinforcement and the concrete in
the normal (vertical) direction. Before any
deformation occurs, the CEP overlaps with the
adjacent concrete element whose height is equal
to the diameter of the steel tension bars. When
slips between the steel reinforcement and the
surrounding concrete occur, the upper cohesive
element will deform in shear to represent the
shear bond-slip behaviour and does not
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experience any deformation in the normal
direction. In the meantime, from the shear bond
force developed in the upper cohesive element,
the associated normal (vertical) bond force in the
lower cohesive element can be deduced; the
lower cohesive element does not possess any
shear stiffness or strength. The FRP is also
modelled using 2-node beam elements.
Load

applied on the top end of the right rigid plate.
The load P1 in the horizontal direction acts on
the top end of the right rigid plate, the load P2
(P2 = -P1) acts at the bottom end of the right
rigid plate, and the load P3 acts at the bottom end
of the left rigid plate. According to equilibrium,
the reaction force R at the top end of the left
rigid plate is always equal to P3 in magnitude but
opposite in direction. The ratio between the
moments on the two cracked sections can be
achieved by specifying appropriate load ratios
(i.e. |P1/P3| or |P2/P3|).

Bar-end cover separation

4 ANALYTICAL STRENGTH MODEL
As shown in Figure 2, if the failure strain in the
FRP at the left cracked section (Point A) can be
obtained, a section analysis can be conducted to
find the moment acting on the left cracked
section based on the plane section assumption,
and the failure shear force can be easily found
from the bending moment and the distance
between the left cracked section and the nearest
support for a given load distribution.

P1

R
Rigid
plate

Tension steel

4.1 FRP strain at bar-end cover separation
A parametric study was conducted with the
simplified FE model described above to develop
a general expression for the FRP strain at the left
cracked section at bar-end cover separation
failure (Zhang et al. 2012). The parameters
examined in the parametric study include the
moment of inertia of FRP bar I f , the beam

Initial crack

FRP
P2

P3

height h , the moment ratio β P (between the
right cracked section and the left cracked section,
i.e. |P1/P3| or |P2/P3|), the axial rigidity of the
FRP bar A f E f ( A f and E f are the cross-

Point A

Figure 2 Simplified FE model

sectional area and the elastic modulus of the
FRP bar respectively), the concrete strength f c ,
Cohesive
element pair

Concrete
element

Steel element

Figure 3. Cohesive-element-pair (CEP)
Only one end (the left end in Figure 2) of the
FRP bar is connected to the adjacent rigid plate,
while the other end (the right side) representing
the actual bar end is left free. Both horizontal
and vertical restraints are imposed on the top end
of the left rigid plate, and a vertical restraint is

the crack spacing sc , the distance c d between
the steel reinforcement and the FRP
reinforcement, the beam width b and the total
diameter of steel bars Dt (i.e. the sum of the
diameters of the steel bars). Based on a
regression analysis of the results of a total of 168
numerical specimens examined in the parametric
study, Eq. 1 is proposed as an analytical model
for predicting the FRP strain at the left cracked
section at concrete cover separation failure:
e separation = 3.6 × b R b c − s b AE b b / D bclear f c (1)
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0.952 + 0.08β P
1.15 − 0.25β P

βR = 

β c−s

0 ≤ β P ≤ 0.6 (2)
0.6 ≤ β P ≤ 1
cd
s
4.5
= ( 0.266 − 1.05 1.023
)( c − 0.08) (3)
100
sc
sc
(4)
4860
if

if

β AE =

Af E f

+ 0.19

 b clear
 Dt

b b/D = 0.85





0.094

(5)

where β R reflects the effect of moment ratio
between the right and the left cracked sections;
β c− s reflects the combined effect of cd and sc ;

β AE reflects the effect of axial rigidity of the
FRP bar A f E f ; and b b / D reflects the effect of
the ratio between the beam clear width
bclear = b - Dt and the total diameter of the steel
tension bars Dt .
4.2 Crack spacing
To calculate the FRP strain at bar-end cover
separation as well the distance between the left
cracked section and the nearest support, the
crack spacing needs to be known first. In the
present study, the equation proposed by Zhang et
al. (1995) for the minimum stabilized crack
spacing scmin is adopted:
s cmin =

Ae f ct
u s ∑ Os + u f C failure

cube

u s = u f = 0.28 f cu

compressive
;
Os is

∑

In the section analysis conducted in present
study, the BS 8110 (1997) compressive stressstrain curve of concrete was used. The maximum
compressive strain in the concrete was assumed
to be 0.0035. The yield strength of steel and the
ultimate strength of FRP were either from
material tests or provided by the manufacturer.
All partial safety factors were set to unity.
Further details of the parametric study are
available in Zhang et al. (2012).

5 COMPARISONS WITH TEST DATA
For the proposed design model for bar-end cover
separation (Eq. 1) to be used with confidence in
practical design, its accuracy needs to be
assessed using laboratory test data. The test data
of 11 RC beams strengthened with NSM FRP
were collected from the open literature for this
purpose. Only these 11 beams were available for
comparison because they failed by bar-end cover
separation and were reported with sufficient
information for use in the strength models.
Details of these test beams can be found in
Zhang et al. (2012). The existing models
proposed by Hassan and Rizkalla (2003) and AlMahmoud et al. (2010) as well as the present
design model are all assessed using these test
data.

(6)
The predictions of the present strength model
with the crack spacing sc = scmin , 1.5scmin and

where Ae is the area of concrete in tension
which is taken as twice of the distance from the
centroid of the steel tension reinforcement to the
bottom surface of the beam multiplied by the
beam width; f ct = 0.36 f cu where f cu is the
concrete

4.3 Section analysis

strength;
the total

perimeter of the steel tension reinforcement; and
C failure is the perimeter length of the failure
plane which is taken to be the total length of the
three groove sides for an NSM FRP bar. Later in
this paper, the minimum stabilized crack spacing
scmin , the maximum stabilized crack spacing
2 scmin , and an intermediate value 1.5scmin are
considered to investigate the effect of crack
spacing

2 scmin are compared in Figure 4 with the
collected test results. Comparisons for the two
existing models are shown in Figures 5 and 6.
The predictions of the proposed strength model
with crack spacings of 1.5scmin and 2 scmin lead to
average prediction-to-test ratios of 0.927 and
0.989 respectively; their standard deviations
(STDs) are 0.193 and 0.200 and their
coefficients of variation (CoVs) are 0.209 and
0.202 respectively. These statistics are much
better than predictions of the proposed strength
model obtained with a crack spacing of scmin
whose average prediction-to-test ratio, STD and
CoV are 0.734, 0.187 and 0.255 respectively.
Nevertheless, the proposed design model with
any of the three crack spacing values offers
much closer predictions of the test results than
the two existing models proposed by Hassan and

Page 4 of 6

120

90

Test shear force (kN)

Rizkalla (2003) and Al-Mahmoud et al. (2010).
The predictions of Hassan and Rizkalla’s (2003)
model are very conservative with a large scatter,
with the prediction-to-test average ratio, STD
and CoV being 0.550, 0.258 and 0.470
respectively. The predictions of Al-Mahmoud et
al.’s (2010) model are very un-conservative with
an even larger scatter, with the average
prediction-to-test ratio, STD and CoV being
1.830, 1.292 and 0.706 respectively. The
superior performance of the proposed strength
model can also be seen in the shear force
comparisons shown in Figures 4 to 6.
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Figure 4. Comparison between tests and
predictions of the proposed model
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Figure 5. Comparison between tests and
predictions of Hassan and Rizkalla’s model
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Figure 6. Comparison between tests and
predictions of Al-Mahmoud et al.’s model
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6 CONCLUSIONS
A new analytical strength model for bar-end
cover separation failure mode in RC beams
strengthened with NSM FRP has been presented
in this paper. The proposed strength model,
together with two existing strength models, has
been compared with test results available in the
published literature. These comparisons have
shown that the proposed strength model offers
much more accurate predictions than the existing
strength models. In particular, the version of the
proposed strength model based on the
assumption of a crack spacing near the bar end
equal to twice the minimum stabilized crack
spacing proposed by Zhang et al. (1995)
provides the closest predictions of the test results.
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